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Image  trans forms  p lay  a  very  important  and fundamenta l  ro le  in  image  
process ing,  computer  v is i on and  pat tern recogni t i on .  They  are  s imple  
ar i thmet i c  operat ions  on  images  or  complex  mathemati ca l  operat ions  
which  conver t  images  f rom one  representat ion  to  another.  To  re f l ec t  
character i s t i cs  o f  image  t rans forms,  su itab le  gr ids  are  appl i ed .  Such  as ,  
radon t rans form employs  po lar  gr id  f or  t omography  imaging .  Curve let  
trans form uses  rec topolar  gr id  f or  image deno is ing.  
The mot ivat ion  o f  th is  thes i s  i s  t o  s tudy  image  trans forms l ike  po lar  
Four ier  analys is ,  spher ica l  Fourier  analys is  and po lar  cos ine  t ransform by  
de f in ing sui table  gr ids  and exp lor ing the i r  propert ies .  These  transforms 
are  important  and va luable  f or  ro tat ion  invar iance  image descr ip t ion.  
Rotat ion  invar iance  i s  one  o f  the  essent ia l  cha l l enges  in  image process ing  
and pat tern recognit i on,  which means  ob jec t  i s  recognizable  under  
ro tat ion.  I t  becomes  increas ing ly  s ign i f i cant  w ith  the  exp los ion  o f  
user-generated  media  contents .  These  t rans forms decompose  two and three  
d imens ional  images  into  wave- l ike  bas ic  pat terns  not  only  wi th  the  
angular  s t ruc tures  but  a lso  w i th rad ia l  s t ruc tures .  They can  e f f ect ive ly  
descr ibe  and  est imate  rotat ion  o f  ob ject  by the  angular  and  rad ia l  
var iat ions  in  the  coe f f i c i ents ,  which improve  the  accuracy o f  matching ,  
recognit i on and  c lass i f i cat i on  f or  two and three  d imensional  images  w ith  
ro tat ions .  
However,  these  image  t ransforms have  d i f f i cul t i es  whi le  put t ing  in  
pract i ce  due  to  h igh computat iona l  cos t .  They  invo lve  many Besse l  
funct ion,  assoc iated  Legendre  po lynomia ls  and tr igonometr i c  computat ions .  
Part i cu lar ly  f or  three  d imens ional  images ,  i t  i s  in  great  demand to  reduce  
the  computat ion complex i ty.  By  s tudying  the  mathemat i ca l  propert ies  o f  
these  trans forms,  we  f ind  that  po ints  in  equal  angle  can  share  
computat ion during trans form process .  This  property  holds  not  on ly  f or  
two d imens ional  but  a l so  three  d imens ional  image  t rans forms.  In  order  to  
represent  common property  for  these  image  t ransforms ,  equiangular  rad ia l  
gr ids  are  proposed  for  both two and  three  d imens ional  cases .  Equiangular 
rad ial  gr ids  are  def ined  for  rad ial  d i rec t iona l  po ints  wi th equal  angle .  
Equiangular  rad ia l  gr ids  can  appropr iate ly  represent  essent ia l  proper t ies  
o f  these  t ransform and are  e f f ec t ive  to  reduce  the  computat ion complex i ty,  
s ince  po ints  w i th equal  angle  can  share  computat ion .   
This  thes is  concentrates  on how to  so lve  the  above  d i f f i cu l t i es  by  
de f in ing var ious  forms o f  equiangular  rad ia l  gr ids  in  two and three  
d imens ional  spaces .  With the  help  o f  equiangular  radia l  gr ids ,  the  
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ca l cu lat ion  t ime i s  cut  down substant ia l ly.  Equiangular  radia l  gr ids  are  
proved  to  represent  essent ial  propert ies  o f  image  trans forms in  po lar  and  
spher i ca l  coord inate  sys tems.  Based  on  r igorous  der ivat ion  and  reasonable  
analys is ,  th is  thes is  prov ides  nove l  perspec t ives  f or  image trans forms in  
po lar  and spher i ca l  coordinate  systems ,  and is  important  in  image  
process ing and computer  v is i on.  This  thes is  cons i s t s  o f  f i ve  chapters .  
Chapter  1  introduces  the  image  t ransforms  in  polar  and  spher i cal  
coord inate  sys tems and f inds  out  problems in  ex i s t ing  methods .  The main 
contr ibut ions  and  the  overv iew of  the  research are  a l so  descr ibed .  
Chapter  2  presents  two and three  d imens ional  equiangular  rad ia l  gr ids  
and  e f f i c i ent  a lgor i thms  to  po lar  and spher i ca l  Four ier  analys i s  based  o n  
them.  Po lar  Four ier  analys i s  int roduces  Four ier-Besse l  ser ies  t o  image 
trans form.  With boundary cond i t i on f or  the  bas i s  funct ions ,  Four ier-Besse l  
ser ies  for  image funct ions  that  de f ined  on  a  f in i te  interva l  can  be  obta ined.  
Unfor tunate ly,  the  computat ion  cos t  i s  h igh  due to  many tr igonometr ic  
funct ions  and Besse l  funct ions .  Insp ired  f rom t r igonometr ic  funct ion  
re lat i onships  used  in  fas t  Four ier  t ransform,  mathemat i ca l  f ormula  are  
der ived  between symmetr ic  po ints .  The proposed  method on ly ca l cu lates  
one  e ighth  o f  t r igonometr ic  funct ions  and  Besse l  funct ions  to  accompl i sh 
po lar  Four ier  analys is .  Insp i red  f rom re lat ive  pr ime  number  theory,  
equiangular  radia l  gr id  based  method i s  s tud ied .  More  po ints  w i th equal  
angle  are  ca lcu lated  concurrent ly.  Exper iments  are  g iven to  show the  
e f fec t iveness .  Proposed  fast  polar  Four ier  analys i s  i s  around ten  t imes  
faster.  This  chapter  a l so  deve lops  three  d imens ional  equiangular  rad ia l  
gr id  and algor i thm that  s ign i f i cant ly  reduces  the  computat ion complex ity  
o f  spher ica l  Fourier  analys is  f or  three  d imens ional  images .  Unl ike  
convent iona l  methods ,  spher i ca l  Four ier  analys is  i s  de f ined  as  the  
decomposi t i on  o f  a  funct ion  in  terms  o f  e igenfunct ions  o f  the  Lap lac ian,  
and i t  t reats  spher i ca l  ob ject  as  a  whole  and can more  e f fect ive ly  descr ibe  
three  d imens ional  images .  For  rea l  t ime  process ing ,  e f f i c i ent  a lgor i thm is  
in  great  demand .  Proposed  a lgor i thm mathemat i ca l ly  deduces  the  
re lat i onships  o f  coe f f i c ients  between po ints  w ith respect  t o  main p lanes .  
Furthermore  by  introduc ing the  re lat ive  pr ime  po int  representat ion ,  much  
more  po ints  are  cal cu lated  s imultaneous ly.  Thus  constra int  o f  h igh  
computat ion complex i ty  is  re laxed ,  which  undoubtedly  boosts  the  
trans form speed.  The exper imenta l  resul ts  ind i cate  that  proposed  image 
trans form is  about  17 -19  t imes  faster.  
Chapter  3  proposes  equiangular  rad ia l  gr id  based  fast  s t rategy to  
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acce lerate  po lar  harmonic  transforms (PHT) .  PHT are  termed to  represent  
a  set  o f  image t rans forms those  kerne ls  are  bas i c  harmonic  in  nature .  
They cons is t  o f  po lar  cos ine  t rans form,  po lar  s ine  t ransform and po lar  
exponent ia l  t rans form.  The  computat ions  o f  PHT large ly  depend  on  
tr igonometr ic  funct ions .  Ef f i c ient  image t ransform representat ion i s  very 
required  f or  PHT to  boos t  computat ion speed .  Based on prev ious  chapter,  
inspi red  by  re lat ive  pr ime number  theory,  equiangular  rad ial  gr id  based  
fast  po lar  harmonic  transforms  are  proposed .  Based  on  the  number  theory  
theorem,  large  number  o f  t r igonometr i c  funct ions  i s  saved  f or  po ints  in  
the  equal  angle .  Comprehens ive  resu l ts  are  g iven.  Proposed  fas t  po lar  
cos ine  transform and fas t  po lar  s ine  t rans form are  about  11-12 .5  t imes  
faster  than polar  cos ine  t rans form and  po lar  s ine  t rans form.  Fast  po lar  
complex exponent ial  t ransform is  about  8-10 t imes  faster  than polar  
complex exponent ia l  t rans form.  
Chapter  4  general i zes  po lar  Four ier  analys i s  t o  mult i - spec t ral  image  
trans form by  extend ing  the  def in i t i on  domain f rom convent ional  rea l  
number  sys tem to  hypercomplex number.  Equiangular  rad ia l  gr id  is  
extended  to  mul t i layer  s truc ture  as  we l l .  With  deve lopment  ac t ivi ty  o f  
hypercomplex s igna ls ,  researchers  employ  hypercomplex  number  
representat ion to  develop  genera l i zed  image trans forms .  Insp i red  f rom 
that ,  hypercomplex po lar  Four ier  analys is  i s  s tud ied  and i ts  propert ies  
are  d is cussed .  The bas is  o f  proposed  trans form is  or thogonal .  
Hypercomplex  po lar  Four ier  analys is  i s  revers ib le  that  means  i t  can 
recons truct  image .  Due to  the  non commutat ive  property  o f  hypercomplex 
mul t ip l i cat ion,  bo th  le f t - s ide  and  r ight -s ide  hypercomplex  po lar  Four ier  
analys is  are  d is cussed  and  the ir  re la t i onships  are  es tabl i shed.  By  
expanding  the  hypercomplex  po lar  Four ier  analys is  coef f i c i ent ,  the  
re lat i onship  between  the  proposed  one  and  convent iona l  one  has  been 
found.  Based  on  mult i layer  equiangular  radia l  gr id ,  f ast  t rans forms  
proposed  in  prev ious  chapters  are  a l so  appropr iate  f or  hypercomplex po lar  
Four ier  analys is .  The exper iments  on  image recons truc t ion,  ro tat ion 
invar iance  and  image  matching are  g iven to  demonstrate  bene f i t s  o f  
proposed  method.  
Chapter  5  conc ludes  thi s  s tudy  and sugges ts  the  future  works .  
Equiangular  rad ia l  gr ids  have  been  stud ied .  The equiangular  rad ia l  gr ids  
based  image trans forms representat ions  great ly  re lax the  constra ints  o f  
these  image trans forms in  po lar  and spher i ca l  coord inate  sys tems  and 
l ead  innovat ive  angles  o f  v iew for  image trans form.  
